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Strang Page 136 no: 1

As[133; 269 -1-33], bs[15 5]

A =
1 3 3
2 6 9
-1 -3 3
b =
1
5
5

xp=partic(A, b), s=nul basis(A)

The complete solution is givenas X =X, +0' 5.
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a) Unfortunately our version of MATLAB does not handle symbolics. The easiest way to solve
this problem is to find a matrix E with the property that EA = R, where R denotes the reduced
row echelon form of A. Clearly the first two columns of £ " are the pivot colums of 4. we
augment them to find a basis for R*.

format short
A=[1 2; 2 4; 2 5; 3 9], R=rref(A

A =
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Ah=[ A, eye(4)]

Ah =
1 2 1 0 0 0
2 4 0 1 0 0
2 5 0 0 1 0
3 9 0 0 0 1
RAh=rref ([ A eye(4)])
RAh =
1. 0000 0 0 0 3. 0000 -1.6667
0 1. 0000 0 0 -1. 0000 0. 6667
0 0 1. 0000 0 -1. 0000 0. 3333
0 0 0 1. 0000 -2.0000 0. 6667
format rat
Ei nv=Ah(:, 1:4), E=inv(Einv)
Einv =
1 2 1 0
2 4 0 1
2 5 0 0
3 9 0 0
E =
0 0 3 -5/3
0 0 -1 2/ 3
1 0 -1 1/ 3
0 1 -2 2/ 3
Observe that EA=R
E*A, R
ans =
1 0
0 1
0 0
0 0
R =
1 0
0 1
0 0
0 0

this means that the desired equations can be read from the third and fourth rows of E:

bl—b3+%b4 =00 3h— 3b+ b= Oandb2—2b3+§b4 =00 3bs 6b+ 2b= 0.



3b,-2b

4
The solutions for X in that case are X =[ % ] Observe there is just one solution (no free
~b, + b,
3

variables, A has full column rank, the nullspace of A consists of the zero vector).

b) The solution is analogous to that of a).

format short

As[1 2 3; 246, 257, 39 12], Rerref(A

A =
1 2 3
2 4 6
2 5 7
3 9 12
R =
1 0 1
0 1 1
0 0 0
0 0 0

format short
Ah=[ A(:, 1:2), eye(4)]

Ah =
1 2 1 0 0 0
2 4 0 1 0 0
2 5 0 0 1 0
3 9 0 0 0 1
RAh=rref ([ Ah, eye(4)])
RAh =
Colums 1 through 7
1. 0000 0 0 0 3.0000 -1.6667 0
0 1. 0000 0 0 -1.0000 0. 6667 0
0 0 1. 0000 0 -1.0000 0. 3333 1. 0000
0 0 0 1.0000 -2.0000 0. 6667 0

Col umms 8 through 10

0 3. 0000 -1.6667

0 -1. 0000 0. 6667

0 -1. 0000 0. 3333

1. 0000 -2.0000 0. 6667
format rat

Ei nv=Ah(:, 1:4), E=inv(Einv)



1 2 1 0
2 4 0 1
2 5 0 0
3 9 0 0
E =
0 0 3 -5/3
0 0 -1 2/3
1 0 -1 1/3
0 1 -2 2/3

this means that the desired equations can again be read from the third and fourth rows of E:

b1 —b3 +lb4 =0and b2 —2b3 +%b4 =(. The solutions for X in that case are:
3 3

5
3 b3 _§b4 _1
X =[-b, +%b4] + ¢ [—1] Observe there are infinitely many solutions, since x, is a free
0 1

variable.
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A 1 by 3 system has at least two free variables, so we need two special solutions to A x = 0.
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a) X =X, —x,, y=4x, —4x,

b) Z =3x, —3X, is another solution to A x =0,
and w = 4561 - 3)?2 is another solution to A x = b.
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a) Ifb#0,then 4(2%,)#b.
b) If A4 has free columns, and 4 X = b is solvable, then it has infinitely many solutions.

c) If Aandb are given by:

format short
A=[1 1; 0 0], b=[5, 0]

A =

o ol [N



then the solution with the free variable x, equal to zero is x = (5, 0). Howevery = (2,3) is also a
solution and the length of y is less than the length of x.

l engt h_of _y=norm([2 3]', 2), length_of_x=norn([5 0]', 2)

| ength_of y
3. 6056
| engt h_of x
5

d) There is always the homogeneous solution X, = 0.
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Then that row is a zero row. The equation U x = c is only solvable provided ¢, =0. The
equation A x = b might not be solvable.
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The largest possible rank of a 6 by 4 matrix is 4. Then there is a pivot in every column of U.
The solution to A x = b is unique. The nullspace of A is {0}. An example is:

S O O O O =
S O O O = O
S O O = O O
S O = O O O
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a)
A=[1 4 0; 2 11 5; -1 2 10], R=rref(A)

A =
1 4 0
2 11 5
-1 2 10
R =
1. 0000 0 -6.6667
0 1. 0000 1.6667
0 0 0

The rank of A equals 2.



b) Clearly the rank of A equals at least 2. To determine when rank(A) = 2 and when rank(A) =
3, we again use the E matrix.

Ah=[[1 0; 1 1; 1 1] eye(3)], RAh=rref(Ah)

Ah =
1 0 1 0 0
1 1 0 1 0
1 1 0 0 1
RAh =
1 0 1 0 0
0 1 -1 0 1
0 0 0 1 -1

Ei nv=Ah(:, [1 2 4]), E=inv(Ei nv)

Ei nv

PRl
PR O
RO OrOo

.
oORr Rk
OO

From the last row of E we deduce that the rank of A equals 2,if 2—¢g =0 L0 & 2 and the rank
of Aequals3ifg # 2.
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We can manually find the L matrix by augmenting A with the identity matrix and applying
Gaussian elimination.

A=[3 41 0; 652 1], aug=[A eye(2)]

A =
3 4 1 0
6 5 2 1
aug =
3 4 1 0 1 0
6 5 2 1 0 1
Al=rowconb(aug, 1, 2, -2)
Al =
3 4 1 0 1 0
0 -3 0 1 -2 1

The L matrix is now the inverse of the matrix formed by the last two columns of Al.

L=i nv(AL(:, 5:6)), U=AL(:, 1:4), A LU=L*U



1 0
2 1
U =
3 4 1 0
0 -3 0 1
A =
3 4 1 0
6 5 2 1
LU =
3 4 1 0
6 5 1

Alternatively, we can find L by applying LU decomposition to any extension of the pivot
columns of A4 to a basis fo R".

a)
A=[3 41 0; 652 1], Rerref(A
A =
3 4 1 0
6 5 2 1
R =
1. 0000 0 0. 3333 0. 4444
0 1. 0000 0 -0.3333

[L, u]l=slu(A(:, 1:2))

O
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-3

Observe that 4 = L U (capital U, notu) 0 & L' 4.

Ui nv(L) *A
U =
3 4 1 0
0 -3 0 1

L, U A LUL*U

L =
1 0
2 1
U =
3 4 1 0
0 -3 0 1
A =
3 4 1 0
6 5 1



b)
This problem is similar to a)

A=[1 01 0; 2203; 065 4], aug=[A eye(3)]

A =
1 0 1 0
2 2 0 3
0 6 5 4
aug =
1 0 1 0 1 0 0
2 2 0 3 0 1 0
0 6 5 4 0 0 1
Al=rowconb(aug, 1, 2, -2)
Al =
1 0 1 0 1 0 0
0 2 -2 3 -2 1 0
0 6 5 4 0 0 1
A2=rowconmb(Al, 2, 3, -3)
A2 =
1 0 1 0 1 0 0
0 2 -2 3 -2 1 0
0 0 11 -5 6 -3 1

L=i nv(A2(:, 5:7)), W=A2(:, 1:4), A LU=L*U

L =
1 0 0
2 1 0
0 3 1
U =
1 0 1 0
0 2 -2 3
0 0 11 -5
A =
1 0 1 0
2 2 0 3
0 6 5 4
LU =
1 0 1 0
2 2 0 3
0 6 5 4
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a)
Clearly the complete solution is given by
=i, +ax, +BX, =(4,00)+a (-11,0)+B (-10,).

b) We use MATLAB.

A=[1 1 1; 1 -1 1], b=[4 4]"', xp=partic(A, b), xn=nul basis(A)

A =
1 1 1
1 -1 1
b =
4
4
Xp =
4
0
0
Xn =
-1
0
1

Clearly the complete solution is given by x =x, +a x,,.
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a)
u=[3 1 4]', v=[1 2 2]", uvT=u*Vv'

u =

3
1
4
vV =
1
2
2
uvT =
3 6 6
1 2 2
4 8 8
b)

us[2 -1]"', v=[1 1 3 2]', uvT=u*Vv'



uvT =
2 6 4
-1 -3 -2

1
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a) Let A have full column rank, but not full row rank.

10

01

00

b) Let A have full row rank, but not full column rank.
I 00

010

c) Let A have neither full row rank, nor full column rank.

S O
S = O
S O O

d) Let A have full row rank and full column rank (in which case A is invertible)

1 0
0 1
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As[1 02 3; 1320; 2049, b=s[25 10]"

A =
1 0 2 3
1 3 2 0
2 0 4 9
b =
2
5
10

R=rref ([A b])



1 0 2 0 -4
0 1 0 0 3
0 0 0 1 2

Clearly xp = (-4, 3, 0, 2) and the special solutionto Ax =01iss = (-2, 0, 1, 0). All homogeneous
solutions are given by c (-2, 0, 1, 0). These results are readily verified using the partic and
nulbasis commands.

xp=parti c(A, b), s=nul basis(A)
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