Key Homework 22

Math 277, Fall 2005
Ordinary Differential Equations

Dr. Goutziers

Initializations

[ > restart;
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[ Code the differential equation and the corresponding homogeneous equation.
[ > deq:=diff (y(t), t$2)+y(t)=5*cos(t);
degh:=1hs (deq)=0;

e
deq := [; y(t)j +y(t)=5cos(t)
p
deqh = (; y(t)J +y(t)=0

Find the eigenvalues and construct the general solution of the homogeneous equation.
> aux:=simplify (eval (subs (y(t)=exp (r*t), deqgh))/exp(r*t));
evals:=solve(aux, r);

1 1

aux =r*+1=0

L evals =1, -1
[ > Y[1]:=cos(t);
Y[2] :=sin(t);
ygh:=add (c[k]*Y[k], k=1..2);
Y, :==cos(¢)
Y, ==sin(?)

vgh = c, cos(t) + ¢, sin(¢)

Use the method of undetermined coefficients to find a particular solution for the inhomogeneous equation. Since cos(¢) is a
L solution for the homogeneous equation, we use a trial solution of the form.
[ > ytry:=t* (a*cos(t)+b*sin(t));
L ytry =t (acos(t)+ b sin(r))
Find the parameters a and b by substitution of the trial solution into the inhomogeneous equation.
> eq_p:=eval (subs (y(t)=ytry, deq));

val _p:=solve(identity(eq p, t), {a,b});

11

eq p=-2asin(t)+2bcos(t)+t(—acos(t)—bsin(t))+1t(acos(t)+bsin(t))=5cos(t)

5
val_p::{a:O,bzg}

1M

A particular solution of the inhomogeneous equation is given by
> yp:=subs(val_p, ytry);
= s (1)
=_tsin(¢
yp )

and the general solution of the inhomogeneous equation takes the form
> yg:=yghtyp;

1 1

5
yg =c, cos(t) +c,sin(t) + E tsin(t)



[ Implement the initial conditions.

[ > eql:=eval (subs (t=0, yg)=0);
eqg2:=eval (subs (t=0, diff(yg, t))=1);
val_c:=solve({eql, eq2}, {c[l], c[2]});

eql :=c, =0
eq2 :=cy,=1
val ¢:={c;=0,c,=1}
> sol:=subs(val_c, yg);
5
sol == sin(t) + 5 tsin(t)

[ Finally, we plot the solution.
[ > plot(sol, t=0..100);
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Since the exercise is phrased in terms of ® = 4 / —, we divide both sides of the differential equation
m

e
m (E y(t)] +ky(t)=F,cos(yt)
L by m and obtain
[ > deq:=diff (y(t), t$2)+omega”2*y(t)=F[0]/m*cos (gamma*t) ;

& 5 F,cos(yt)
deq = Ey(t) +o y(t)y=—"—

[ Tell the system that m and o are both positive.
[ > assume (m>0) ;
assume (omega>0) ;

5a

[ Code the corresponding homogeneous equation.
[ > degh:=1hs (deq)=0;
2

d 2
degh = Ey(z) +o y(t)=0

[ Find the eigenvalues and construct the general solution of the homogeneous equation.
[ > aux:=simplify (eval (subs(y(t)=exp(r*t), degh))/exp(r*t));
evals:=solve(aux, r);
aux =r+o =0
evals =ol, - ®
> Y[1l] :=cos (Im(evals[1l])*t);
Y[2] :=sin(Im(evals[1l]) *t) ;
ygh:=add (c[k]*Y[k], k=1..2);




Y, =cos(w?)
Y, =sin(wt)
ygh :=c, cos(ot)+c,sin(wt)
[ Use the method of undetermined coefficients to find a particular solution for the inhomogeneous equation. Since cos(y ¢) is

L assumed to not be a solution for the homogeneous equation, we use a trial solution of the form.
[ > ytry:=a*cos (gamma*t)+b*sin (gamma*t) ;

L ytry :==acos(yt)+bsin(yt)
[ Find the parameters a and b by substitution of the trial solution into the inhomogeneous equation.
[ > eq_p:=eval (subs(y(t)=ytry, deq));

val p:=solve(identity(eq p, t), {a,b});

5 . Fycos(yt)
eq p=—acos(yt)y —bsin(yt)y +o (acos(yt)+bsin(yt))y=—"—

Fy
val p:={b=0,a=—""7"--
L m(=y +o)
[ A particular solution of the inhomogeneous equation is given by
[ > yp:=subs(val_p, ytry);
Fycos(yt)
AN
L m(—=y +®)
[ and the general solution of the inhomogeneous equation takes the form
[ > yg:=yghtyp;

F,cos(yt)
yg=cpcos(ot)+ o sin(@i)+—— -
I m(=7 + )
Implement the initial conditions.
> eql:=eval (subs (t=0, yg)=0);

eqg2:=eval (subs (t=0, diff(yg, t))=0);
val_c:=solve({eql, eq2}, {c[l], c[2]});

1 1

F,
eql =c,+—— =0
! m(—y2+032)

eq2 =c,0=0
Fy
val ¢ ={c,=0,c;=—"">
L ? : m (—y2 + 002)
The equation of motion for the system is given by
> sol:=y(t)=subs(val_c, yg);

1M

Fycos(mt) Fycos(yt)

sol =y(t)=— +
L m(—y2+u)2) m(—y2+u)2)
L >

5b

[ Using the trigonometric identity

cos(p) —cos(g)=-2 sin(p ; qj sin(%)

we obtain that

2 F si (0+y)t)  ((w=7)t
F, (cos(yt)—cos(wt)) o S ) sin 5

L m(o —7") m(o =y

5c
[ > pars:={F[0]=32, m=2, omega=9, gamma=7};
pars = {Fy;=32,y=7T,m=2,0=9}

‘ > ex:=subs(pars, rhs(sol));



1 1
ex = —5 cos(9 1) +ECOS(7 t)

[ In compact form, using the identity found in Part (b), this translates into
[ > yc:=A*sin(t)*sin(8*t) ;

pars_yc:=solve (identity (ex=yc, t), {A});

exc:=subs (pars_yc, yc);

ye = A sin(t) sin(8 t)
pars yc:={A=1}

L exc = sin(t) sin(8 ¢)
[ Plot the solution to reveal the beats.
> plot(ex, t=0..10);
1 -
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[ The beats become more clearly visible if we add the low frequency oscillation to the picture.
[ > plot([ex, sin(t), -sin(t)], t=0..10, color=[red, blue, blue]);
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[ Code the paramaters, the differential equation and the corresponding homogeneous equation.

[

[ > pars:={m=2, b=8, k=6, F[0]=18, gamma=0};

deq_general:=m*diff (y(t), t$2)+b*diff(y(t), t)+k*y(t)=F[0]*cos (gamma*t) ;
deq:=eval (subs (pars, deq_general)) ;
degh:=1hs (deq)=0;
pars ={y=0,m=2,b=8k=6,F,=18}
g d
deq general :=m (—2 y(t)J +b (— y(t)j +ky(t)=F,cos(yt)
dt dt

i d
deq =2 [Ey(t)] +38 (Zy(t)j-i— 6y(t)=18

dh2d2t S[dt)J6(t0
=2 +8|— + =
eq 7 y(1) 7 ¥( y(?)
Find the eigenvalues and construct the general solution of the homogeneous equation.
> aux:=simplify (eval (subs (y(t)=exp(r*t), deqgh))/exp(r*t));
evals:=solve(aux, r);
aux =2 +8r+6=0
evals ==-1,-3
> ygh:=add (c[k] *exp (evals[k]*t), k=1..2);

e (-30)
ygh=c e +c,e

Use the method of undetermined coefficients to find a particular solution for the inhomogeneous equation. Since 18 is not a



| solution for the homogeneous equation, we use a trial solution of the form.
> ytry:=C;
L ytry =C
[ Find the parameter C by substituting the trial solution into the inhomogeneous equation.
> eq_p:=eval (subs (y(t)=ytry, deq));
val_p:=solve(identity(eq p, t), {C});
eq p=6C=18
val p ={C=3}
[ A particular solution of the inhomogeneous equation is given by
> yp:=subs(val_p, ytry);
L yp =3
[ and the general solution of the inhomogeneous equation takes the form
> yg:=yghtyp;

(=) (=31)
ygi=cie +c,e +3

[ Implement the initial conditions.
> eql:=eval (subs (t=0, yg)=0);
eqg2:=eval (subs (t=0, diff(yg, t))=0);
val c:=solve({eql, eq2}, {c[l], c[2]});
eql =c,+c,+3=0
eq2 :=—c,-3¢,=0
-9

3
s 02:5}

val ¢ = {c, = 5

> sol:=subs(val_c, yq);

9 (« 3 (3n
sol =—"e +5e +3

[ Plot the solution.
> plot(sol, t=0..20);

0" 2 4 681t01214161820
The spring is stretched, or compressed, by a constant force. Hence, as ¢ tends to infinity, its length will be enlarged, or shortened,

by a constant amount.
> L:=Limit(sol, t=infinity)=limit(sol,t=infinity);

9 (« 3 (3n
+-e +

L:=1lim —e 3=3
L t—> 2
[ Observe that this result is commensurate with the differential equation, because
Fo 18
L k6
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[ Code the paramaters, the differential equation and the corresponding homogeneous equation.
> pars:={m=8/32, b=1, k=10, F[0]=2, gamma=2};
deq_general:=m*diff (y(t), t$2)+b*diff (y(t), t)+k*y(t)=F[0]*cos(gamma*t) ;



deq:=eval (subs (pars, deq_general)) ;
degh:=1hs (deq)=0;

1
pars ::{bzl,k:IO,FO:Z,y:Z,mzz}

d d
deq_general :=m [; y(t)J +b [E y(t)j +ky(t)=F,cos(yt)

d 'l(d—z ] (1 j 10 y(£) =2 cos(2
°q:= dtzy(t) + dty(t) +10y(¢)=2cos(2 1)

1(d d
degh :=Z ;y(z‘) + Zy(r) +10y(¢#)=0

Find the eigenvalues and construct the general solution of the homogeneous equation.
> aux:=simplify (eval (subs (y(t)=exp(r*t), degh))/exp(r*t));
evals:=solve (aux, r);
1,
aux :=Zr +r+10=0

evals =-2+61,-2-61
> ygh:=c[1l] *exp (Re (evals[1l]) *t) *cos (Im(evals[1l]) *t)+c[2] *exp (Re (evals[1l]) *t) *sin (Im(eval
s[1])*t);
(=21) (=21) .
ygh=c e cos(61)+c,e sin( 6 ¢)

Use the method of undetermined coefficients to find a particular solution for the inhomogeneous equation. Since cos(2 ¢) is not a
solution for the homogeneous equation, we use a trial solution of the form.
> ytry:=a[l]*cos(2*t)+a[2] *sin(2*t) ;
ytry :=a, cos(2t)+a,sin(2t)
Find the parameters a, and a, by substituting the trial solution into the inhomogeneous equation.
> eq_p:=eval (subs (y(t)=ytry, deq));
val p:=solve(identity(eq p, t), {a[l], a[2]}):
eq p=9a,cos(2t)+9a,sin(2t)~2a,sin(2t)+2a,cos(2t)=2cos(21)
; 18 4
val p:={a,="—",a,="_
_p={a 85" 27 g5 }

A particular solution of the inhomogeneous equation is given by
> yp:=subs(val_p, ytry):;

18 2t ly 2t
= +—
wp %5 cos(2 1) Py sin(2 ¢)

With a little bit of effort, we can write this in the compact form A4 sin(2 ¢+ 0).
> ypc:=A*sin(2*t+theta) ;
pars_yp:=solve (identity (yp=ypc, t), {A, theta});

24/85

85

2 9
yp = gq/ 85 sin[Z t+ arctan[ED

and the general solution of the inhomogeneous equation takes the form
> yg:=yghtyp;

ypc:=Asin(2t+0)

24/85

85’

9 9
pars_yp = {A= 0= arctan[g) L{d=— 0= arctan(;j —)

> yp:=subs (pars_yp[1l], ypc);

- _ 2 9
yg:i=c e( 20 cos(61)+c, e( 20 sin(6 ¢) +§1/ 85 sin(Z t+ arctan(gjj

Implement the initial conditions.

[ > eql:=eval (subs (t=0, yg)=0);

eqg2:=eval (subs (t=0, diff(yg, t))=0);
val c:=solve({eql, eq2}, {c[l], c[2]});



18
eql :=c, +§:O

8
qu::—ch+g+6c2=0

-22 -18

val ¢ := {CZZE, ) :g}

[ > sol:=subs(val_c, yqg);

18 (2 22 (20 . 2 _ ( (9)}
l=—— 6t)——— 61)+ 4/ 85 sin| 2 t + arctan| —
SO %5 cos(6t) 255 e sin( 6 ¢) Py A/ 2

[ The resonance frequency for the system is given by

kv
Y, mo 2m?
2n 27

L This result was derived in class and is equivalent to formula 15 on Page 223 of the textbook.
[ > resonance_frequency:=gamma[r] / (2*Pi)=simplify (subs (pars,
sqrt (k/m-b*2/ (2*m~2))) / (2*Pi)) ;

17, 242

resonance_frequency := E— =
P P




