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V 14.1 The Gradient vector

7Map|e's Gradient routine is located in the Vector Calculus package. The syntax is
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Lesson 14

The Gradient Vector, Directional Derivatives

V¥ Initializations

restart;
with(VectorCalculus):
BasisFormat(false):

Gradient(Expression, L)

where L denotes a list of variables.

7Compute the gradient of f (X, y) = G y3.

' Solution
| Code the function and use the Gradient routine.

> fi=(x, y)->x"2*y"3;
gf:=Gradient(f(x,y), [X,y]):
gf:=convert(gf, Vector);
fi=(xy) —>x2y3

2xy3
of .=
3x2y2

>

V 14.2 Directional Derivatives

Technically the Gradient routine returns a vector field, not a free vector. This is important when
non-Cartesian coordinates are used. Since we will need the gradient only in Cartesian coordinates,
we will convert our results to a free vector using the convert(vector field, Vector) command.

(2.1.1.1)



V Examples

V Example 14.2.1

Find the directional derivative of f(x,y) =sin(2x) + ¢*? in the direction of
v=5i—12j.

Solution
| First compute Vfand the unit vector in the direction of v.

> Fi=(x, y)->sin(2*x)+exp(x*y);
gf:=Gradient(f(x,y), [x,yl):
gf:=convert(gf, Vector);
fi= (x,y) —sin(2x) +ev

2cos(2x) +ye”

gf .= (3.1.1.1)

x e

7> v:=<5b, -12>;
u:=v/Norm(v);

5
V=
-12

S

s (3.1.1.2)
u:=

12

13

EThe directional derivative of f in the direction of the vector v is the dot product Vf - u.
> Du_f:=gf.u;

yexy_ﬁ RS

- 10 S
Du_f:= cos(2x) + 13

' E (3.1.1.3)

>

V Example 14.2.2

Find the directional derivative of f (X, y, z) =x arctan ( % ) in the direction of
v=i+j—katthepointP=(1,2,-2).

Solution
| Code the function f and compute Vf,

> f:=(X, y, z)->x*arctan(y/z);
gf:=Cradient(f(x, vy, z), [X, Vv, z]):
gf:=convert(gf, Vector);

f:= (X, z) —xarctan (y % )




arctan ( Y )
z

2
gf:=| 2 [1 + ZLZJ (3.1.2.1)

:> gf:=simplify(gf);

gf .= 2 yz (3.1.2.2)

Xy
zz—i-y2 |

ENext, we evaluate Vf at the point P.
> gf_P:=eval(gf, {x=1, y=2, z=-2});
1

_ZTC

gf P:=| - (3.1.2.3)

NI

EFinaIIy, we create the unit vector in the direction of v and finish the problem.
> vi=<1l, 1, -1>;
u:=v/Norm(v);

u:= % V3 (3.1.2.4)

7> answer:=gf P.u;




answer := - 1—12 V3 (3.1.2.5)

Example 13.2.3.

Compute an equation of the tangent plane and the normal line at the pointP = (3,2, 1)
to the level surface

xy+xz—|—yz3=11

:Solution
The normal vector to the tangent plane is given by the gradient of the left hand side of the
| surface equation.

> F:i=(X, Y, Z)->X*y+xX*z+y*z/3;
gf:=Cradient(f(x, vy, 2), [X, VY, z]):
gf:=convert(gf, Vector);
f:(nmz%»xy+xz+yf

y+z
gf:=| x+ z (3.1.3.1)
x+3yf

> n:=eval(gf, {x=3, y=2, z=1});

n:=1\4 (3.1.3.2)

EThe tangent plane is given by.
> TPz=n[1]*(x-3)+n[2]*(y-2)+n[3]*(z-1)=0;
TP:=3x—26+4y+9z=0 (3.1.3.3)

7> sort(TP, [X, VYV, z]);
3Xx+4y+9z—-26=0 (3.1.3.4)

[To find the vector equation of the normal line we can usery= (3,2, 1) andv=n=(3, 4, 9).
> r0:=<3, 2, 1>;

3
ro:=| 2 (3.1.3.5)
1
EThe normal line is given by
> NL:=rO+t*n;
3+3t
NL:=| 2+4t (3.1.3.6)

1+09t
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