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Lesson 11
Variation of Parameters

V¥ Initializations

[> restart;

V¥ 11.1 Variation of Parameters

When the right hand side f (t) of the differential equation

ay’'+by' +cy=f(t)
does not have a simple differential family, then the method of undetermined coefficients will not
apply. Instead we may proceed as follows. Supposey, (t) and y,(t) denote two linearly

independent solutions of the corresponding homogeneous equation. Then we try a particular
solution of the form

Yp(t) = Vi (DY (1) + v, (1)y,(1)

Computeyp’(t) as
Yp (1) =V (1) (1) +V, (DY, (1) + v (1)y;" (1) +Vy(1)y," (1)

Now let

vy (DY (1) + Vv, " ()y,(t) =0
This allows us to simplify Y, (t) to

Yp (1) = vy (DY, " (1) +Vp(t)y," (1)
and
yp”(t) =v, (DY, (1) Vv, (DY, (1) + v (D)y, " (1) + Vv, (D), (1)

Substitution of yp(t), yp' (t), and yp"(t) into the inhomogeneous differential equation, leads to a
second equation forv, ' (t) and v,’(t). The two equations forv,’(t) and v,’(t) can be solved

simultaneously and after integration of the result we obtain a desired particular solution of the given
inhomogeneous equation.

| This method is illustrated in the example below. Mathematical details will be provided in class.
V Examples

V Example 11.1.1
Solve the initial value problem

B y'-2y'+y=tTe y(l)=1y'(1)=-2
Solution

First we determine the roots of the auxiliary equation of the corresponding homogeneous
L equation.

> aux:=r"2-2*r+1=0;
ev:=solve(aux, r);




aux:=r—2r+1=0
evi=11 (2.1.1.1)

We conclude thaty, (t) = e'and y,(t) = te' are two linearly independent solutions of the
homogeneous equation. The general solution of the homogeneous equation is given by
i Ygn (1) = Cpyy (1) + Gy, (1) =cpe +cyte'
> yl:=exp(t);
y2:=t*exp(t);
ygh:=c[1]*yl+c[2]*y2;
yl:= e
y2 :=te'
ygh:=c ' +c,te (2.1.1.2)

'Tofind a particular solution of the inhomogeneous equation we try an expression of the form
Yp(t) =V (DY (1) +V,(1)Y,(1)
| Code this expression and its derivative.
> ytry:=v[1](t)*yl+v[2] (t)*y2;
ytryp:=diff(ytry, t);
ytry ;= v, (t) e +v,(t) te
d

ytryp := (% vl(t)) et—i—vl(t) el + (E v2(t)j tet—i—vz(t) et—i—vz(t) tet (2.1.1.3)

t

:The key to success is to let

d t d t, _
( at vl(t)) e + ( at v2(t)) et=0
 and use this condition to simplify Yo' (1),

> eql:=op(1l, ytryp)+op(3, ytryp)=0;

eql::(%vl(t))et+(%v2(t))tet20 (2.1.1.4)
7> ytryp:=ytryp-lhs(eql);
ytryp = vy (1) €'+ vy(t) €' + vy (1) te' (2.1.1.5)
[Differentiate this result to compute yp”(t).
> ytrypp:=diff(ytryp, t);
ytrypp := (% vl(t)) e +v, (1) e + (% vz(t)) e +2v,(t) e (2.1.1.6)

+ (% V(1) ) te' +v,(t) te
:A second equation for v, '(t) and v’ (t) is obtained by substituting yp(t), yp’ (t), and yp”(t)
Linto the differential equation.

> deq:=diff(y(t), t$2)-2*diff(y(t), t)+y(t)=exp(t)/t;

eqg2:=simplify(eval(deq, {y(t)=ytry, diff(y(t), t)=ytryp,




diff(y(t), t$2)=ytrypp}));

& d _e
deq:= 7 y(t) =2 (goym) +yw =5
t
wZ:é(g{%ﬂ%+g{%U)+(g{wﬂqt)=%- 2.1.1.7)

[Now solve the equations eql and eq2 forv, ' (t) and v, ' (t).
> soldv:=solve({eql, eq2}, {diff(v[1](D), ©), diff(v[2](D),
}):

soldv::{%vl(t):—l,—v2(t):T} (2.1.1.8)

7Integrate these equations to find v, (t) and v,(t). Since we need only one particular solution
| we can take the integration constants equal to zero.
> vl:=map(int, soldv[1l], t©);
v2:=map(int, soldv[2], t);
vli=v, (1) =-t
V2:=Vv,(t) =In(t) (2.1.1.9)

EHence, a particular solution is given by
> yp:=eval(ytry, {vi, v2});

yp = ~te'+In(t) te (2.1.1.10)
[and a general solution of the inhomogeneous equation is of the form

> yg:=ygh+yp;
yg::clet—i-cztet—tet—i-In(t)tet (2.1.1.11)

[Finally, we implement the initial conditions and determine the constants ¢, and c,.
> eqcl:=eval(yg, t=1)=1;
eqc2:=eval(diff(yg, t), t=1)=-2;
val _c:=solve({eqcl, eqc2}, {c[1]., c[2]});
eqcl:=c,e +c,e —e=1

eqc2:=c,e +2c,e —e=-2

val c:= {01: 42_6,02:—%} (2.1.1.12)
EThe solution to the given initial value problem is
> ans:=y(t)=eval(yg, val _c);
t t
ans:=y(t) = (4 —;e) € _ 326 —te' 4 In(t) te' (2.1.1.13)



