Chapter 2

Sequences of Real Numbers

2.1 Convergent Sequences

1. c. Prove that |z| = V22 for all z € R.

This proof involves both the definition of the absolute value and the definition of the
radical.

Recall that if @ > 0, then \/a equals the nonnegative number b, such that b? = a.

e Part 1: >0
In this case, |z| = 2 and V22 = z, so |z| = V2.
e Part 2: <0
In this case, |z| = —z and V22 = —z, and again |z| = Vz2.

e. Prove that — |z| <z < |z| for all z € R.

From the definition of the absolute value it follows that either x = —|z| or x = |z|.
Moreover, since |z| is nonnegative,

= o] < Jx]

This implies the desired result, — |z| < z < |z|.

6. Determine all z € R that satisfy each of the following inequalities.

a. |3z —2| <11
This inequality is equivalent to —11 < 3x — 2 < 11, so —9 < 3z < 13. Thus

13
—3<r<< —
ST 3
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b. |22 —4| <5
This inequality is equivalent to —5 < 22 —4 < 5, s0 —1 < 22 < 9. Hence

—d<xr<3

c. lz|+]r—1]<3
Split the solution into three cases.
e Casel: <0
For z < 0, the inequality becomes —z — (z — 1) < 3, so —2z + 1 < 3, hence x > —1.
So, the interval (—1,0] is part of the solution.
e Case 2: O0<ux<1
For 0 < z < 1, the inequality becomes = — (z — 1) < 3. This is equivalent to 1 < 3,
which is satisfied for all . So, the interval (0, 1] is also part of the solution.
e Case 3: z>1
For x > 1, the inequality becomes x + (z — 1) < 3. This is equivalent to 2z —1 < 3,
hence x < 2. So, the interval (1,2) is the final part of the solution.
From cases 1,2, and 3 we conclude that the inequality |z| + |z — 1| < 3, is satisfied for
all z in

(—=1,0]U(0,1]U(1,2) = (—1,2)

8. For each of the following sequences, prove, using an &, ng argument that the sequence converges
to the given limit p; that is, given € > 0, determine ng such that |p, — p| < € for all n > ny.

b. {pn} = {(252:2}7 b= %
Let € > 0. Observe that for all n € N

2n—-5 1| 4 B 4 <i

6n—3 3| 32n—-1 3(n+(n—1) " 3n

Let ng denote a positive integer with ng > %. Then for all n > ng
2n_5_1<i<i< 4 —¢
6n—3 3|~ 3n " 3ng  3(&)

& b= {1~}

Let € > 0. Observe that for all n € N

(-5 -2
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Let ng denote a positive integer with ng > % Then for all n > nyg

(-2 {-ed gy

n

9. Show that each of the following sequences diverge in R.

c. {pn}= {sin%
Observe that the distance between two consecutive elements p,, and p,+1 equals 1. Sup-
pose that the sequence {p,} converges to p. Then there exists an ng such that for all
n > ny

1
’pn_p’ < g

Using the triangle inequality we obtain for all n > ng

1 1 2
1= |pns1 —Pn|l = |Png1 —0) + (@ — Pu)| < |Prt1 — Dl + P —pul < 3733

a contradiction.

d. {p,} = {nsinZf
Observe that the distance between two consecutive elements p, and p,41 is always
greater than, or equal to, n. Suppose that the sequence {p,} converges to p. Then
there exists an ng such that for all n > nyg

1
|pn_p| < g

Using the triangle inequality we obtain for all n > ng
1
3

1 2
I<n< |pn+1 _pn| = |(pn+1 _p)+(p_pn)| < |pn+1 _p|+|p_pn| < §+ = g

a contradiction.

13. Let {a,} be a sequence in R with lim,, . a, = a. Prove that lim, ., a3 = a.

Let € > 0. Consider

‘ai — a3’ = {ai + ana + a2’ lan, —a| < (|an|2 + |an||a| + ]a|2> lan, — al

Since the sequence {a,} converges, there exists a number M > 0, such that |a,| < M for all
n € N. Hence, for all n € N

‘ai - a3‘ < (M2 + M |a| + |a|2> la, — al
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Moreover, since lim,, .~ a, = a, there exists an ny € N such that |a, — a| < for

e
M?2+M|a|+|a|?
all n > ng. Therefore

€
2 2= ¢
M?2 + M |a| + |a

‘ai —ag‘ < (M2+M]a| + ]a|2> lan, —al < (M2 + M |a| + |a|2>

for all n > ng. This completes the proof.

14. If a,, > 0 for all n and lim,,_,o a,, = a, prove that lim, ., /@, = \/a.

e Part 1: a=0

Let ¢ > 0. Consider ‘\/an — \/6! = }w/an‘. Because lim,, .o ap, = a = 0, there exists
an ng € N such that |a,| < €2 for all n > ng. Hence, for all n > ny,

| v < =

This shows that lim,, o 1/an = V0 = /a.
e Part 2: a > 0.

Let ¢ > 0. Consider ‘, [0 —\/a ‘ In order to make use of the fact that lim,,_., a, = a,
we will need to rewrite the expression lw/an —Va ’ in a way that incorporates |a, — al.
We do that as follows:

an —Va| = a—a~\/@+\/a i
Van =Vl = (Vo =) e = Ve vl < va

Because lim,,_,o a,, = a, there exists an ng € N such that |a,, — a| < ey/a for all n > ny.
Hence, for all n > nyg

—Ja lan — al 6\/625
|Van — Val| < T <

This shows once again that lim,, . \/a, = v/a.

15. Prove that if {a,} converges to a, then {|ay|} converges to |al.

Let € > 0. Then there exist an ng € N such that |a, — a| < € for all n > ng. Therefore
llan| —lal| < lap —al <&

for all n > ng. We conclude that {|a,|} converges to |al.

The converse is not true. Just let a = —1 and a,, = 1 for all n € N.  Then {|a,|} converges
to |a|, but {a,} does not converge to a.
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2.2 Limit Theorems

1. If {a,} and {b,} are convergent sequences of real numbers with

lim a, = a and lim b, =
n—oo n—oo

then

a. Show that lim, oo (an +b,) =a+0
Let € > 0. Consider

lan, + by — (a+b)| = |an —a+ by — b < a, — a| + by — Y|

Because lim,, . a,, = a, there exists an ny € N such that |a, — a| < 5 for all n > n;.
Similarly, there exists an np € N such that |[b, —b] < § for all n > na. Let n3 =
max {ny,ne}. Then, for all n > ng

3

5~ ¢

€
lan + by — (a+b)| < |an —a| + by, — b] < 5t
This completes the proof.
2. Let {a,} and {b,} be sequences of real numbers.

a. If {a,} and {ay, + b,} both converge, prove that the sequence {b,} converges.

Let lim,, 00 a, = a and lim,, o (ay, + by,) = s. Then, by Corollary 2.2.2, Part b, with
c¢=—1,lim, o (—ay,) = —a. Hence, by Theorem 2.2.1, Part a

lim b, = lim [—a, + (an, +by)] = —a+s

n—oo n—oo

So, the sequence {b,} converges.

b. Suppose b, # 0 for all n € N. If {b,} and {a,/b,} both converge, prove that the
sequence {a,} also converges.

Let lim,,_,s0 b, = b and lim,,_, Z—: =¢q. Then by Theorem 2.2.1, Part b

lim a, = lim <% . bn> =qgb

n—oo n—oo n

So, the sequence {a,} converges.



20

3.

5.

CHAPTER 2. SEQUENCES OF REAL NUMBERS

Let {an} and {b,} be sequences of real numbers. If {b,} is bounded and lim,_ a, = 0,
then show that
YLILH(}O anb, =0
Let € > 0. Since {b,} is bounded, there exists an M > 0 such that |b,| < M for all n € N.
Therefore
|anbn — O = |anbn| = |an| |bn| < |an| M

Moreover, since lim,, ., a, = 0, there exists an ng € N such that for all n > ng, |a,| < ﬁ

Hence, for all n > ng
€

MM:»S

lanbn, — 0] < lan| M <

This proves that lim,, .. anb, = 0.

a. If p > 0, prove that lim, n—lp = 0.

Let € > 0. Observe }n—lp‘ = L. Now choose ng € N with ny > (1,/€)¥P. Then for all
n > ny
1 1 1

CZRRSE

This completes the proof.

b. If p > 0, prove that lim,, .., /p = 1.
Make a distinction between p > 1, p=1,and 0 < p < 1.

i. If p > 1, then let 2, = /p — 1. Observe that z,, > 0,Vn € N. Using the binomial
theorem we obtain for n > 1

p=(1+z,)" = zn: <Z>x,’§ > (T)wn = nay

SO

According to the squeeze theorem this implies that lim, .o x, = 0. Therefore
lim, 00 ¢/p = 1.
ii. If p =1 the result is trivial, because in this case

lim ¢/p= lim V1= lim 1=1

n—oo n—oo n—oo
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Then ¢ > 1, and by Part i. we may conclude that

iii. f0 < p < 1, write ¢ = %.
limy, . {/q = 1. So, by Theorem 2.2.1 Part c,

. 1
m—=——
n—co /g limy-.oe /g
Hence
. N O B, I 1 1
o Vﬁ—y}areo\/;—,}g%orq—m—rl

n—oo
This completes the desired proof.
6. Find the limit of each of the following sequences.

3n24+2n+1 >
. 5n2—2n+3 ne1
Factor out an n? from both the numerator and the denominator
3

2 2 1 2 1
n(3+g+m):hm 3+E+?:_
LY

I 3n?+2n+1
im = lim
n—oo 5n? — 2n + 3 n—>oon2(5_%+%)

2¢/n |
d. {n—"_l}nzl
Factor out an n from both the numerator and the denominator
NG n (L) z
n
lim = MLm= 2 o
0. ]
f. {\/n2 +n— n} ,
n=
To analyze the cancellation effect in the general term of this sequence, we employ the
well-known identity
(a—b)(a+0b) =a®—1?

Observe
vVni+n+n n
lim (\/nQ—i—n—n) = lim (\/n2+n—n)~7 = lim —
n—oo vnZ4+n+n n—o0 \/n2+n+n

n—oo
1 1

i = lim —
2

= lim =
""“’n( 1+%+1) 1+ 4
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o0
b {2437
n=1
First, factor out the leading term

n 1/n
lim (2" 43" =3 lim <(§> +1>

n—oo n—oo

Observe that the sequence {(%)n + 1} is bounded. Therefore, in light of Theorem 2.2.1,
Part b, one might expect that

2\ ™ 1/n
li - 1 =1
i ((5) )

This proposition is readily proved using the squeeze theorem. Clearly, for all n € N

()"

L _ 1, it follows that lim,,_. ((%)n + 1)1/n =1 and

Because lim,, .~ (%)

2\ " 1/n
lim (2" 43" =3 lim ((-) + 1) =3
n—00 n—00 3
7. d. This exercise was solved in class.

f. This exercise was solved in class.

2.3 Monotone Sequences

1. This exercise was solved in class.

3. Show that each of the following sequences are monotone. Find an upper or lower bound if it
exists; find the limit if you can.

2
a. { n+l}
n

Let a, = #, then

n?2 +1 1
=" = 1+
n n

This shows that the sequence is monotone decreasing. Moreover, 1 < 4/1 + n—12 < V2,
so the sequence is monotone and bounded. Hence, it converges, and

/ 1
lim a, = lim 1+—2:1
n—oo n—oo n
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5. Let a; > 1, and for n € N, define a1 = 2—1/a,. Show that the sequence {a,,} is monotone
and bounded. Find lim,, ., an,.

Follow the hints in the back of the book. First, use mathematical induction to show that
the sequence is bounded below by 1, then prove that the sequence is monotone decreasing.

e It is given that a; > 1.
e Let k € N and suppose ap > 1. Then 1 a; <1 and —1 “a; > —1, so

apr1=2—1/a,>2—-1=1

This establishes the fact that the sequence is bounded below by 1.

To show that the sequence is monotone decreasing, we use the inequality 0 < (1 — an)2 =
1 — 2a,, + a2, which implies a2 > 2a, — 1, so

an >2—1/a, = apns1

This proves that the sequence is monotone decreasing. Combination of this result with the
above derived lower bound, shows that

1<a,<a
Hence, the sequence is monotone and bounded, so it converges. Let lim,_, a, = a, then

a= lim apt1 = lim 2—1/a,)=2-1/a
n—oo n—oo

This yields a? —2a+1 =0, so a = 1.
7. For each of the following, prove that the sequence {a,} converges and find the limit.
a. api1 = % (2an, +5), a1 =2

To get a feeling for what the sequence is doing, compute a decimal approximation of the
first couple of terms.

{2.0,1.50000, 1.33333, 1.27778,1.25926, 1.25309, 1.25103, 1.25034, 1.25011, 1.25004, - - - }

We suspect that the sequence is monotone decreasing and bounded below by 5,74. Both
propositions will be proved by mathematical induction. First, we establish the lower
bound of 5,74.

00,1:225/4.
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e Suppose k € N and a;, > 574. Then

1 1 5 )
- >Z-(9.2 _2
Akl 6(2ak+5)_ 5 (2 4+5> 1

Hence, a,, > 5,4 for all n € N.

Next, we establish the fact that the sequence {a,} is monotone decreasing.

e a1 =22>3/2=as.
e Suppose k € N and ag > agy1. Then

(2041 +5) = ap4o

=

1
Ap+1 = 6 (2ak + 5) >

Hence, a,, > apyq for all n € N.
Since the sequence {a,} is monotone and bounded, it must be convergent. Let

lim a, =a
n—oo

then ) 1
a= lim ap1; = lim 6 (2an, +5) = 8 (2a +5)

Therefore, a = % (2a + 5), which implies that a = 5,74, a result that is consistent with
the numerical information found earlier.

12. Use Example 2.3.5 to find the limit of each of the following sequences.

a. {(1 + %)%}

Observe
. 1 2n ‘ 1 n 1 n )
lim (14 — = lim 1+ — 1+ — —e-e=c¢
n— oo n n—oo n n
d {(1-2)"}

The solution to this problem is not as simple as that of Part a. To make use of the fact

that lim,,— (1 + %)n = e, we rewrite (1 — %)n as

Next, we prove that lim,, (1 — n_12)n = 1. We apply an estimation process similar to
that used in Example 2.3.5 of the textbook.
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Let € > 0. Consider

-1 -

= (3) () -

o~
I
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(3=
£
|
o
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Let ng > 2. Then for all n € N with n > ng

1\" ) |

lim (1—— zlim%:—:e_1
n—oo n n—oo (1 + l) e

13. This exercise was solved in class.

14. This exercise was solved in class.

17. Show that each of the following sequences diverges to co.

b. {a,} = {n + —(_:L)n}
Let M > 0. Observe that for alln € N

an, =n-+ >n—1

=
n
Choose ng > M + 1, then for all n > ng

(="

an=n+-——>n—-1>n—-1>M+1)—-1=M

n

This completes the proof.

25
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c. {an} ={n+(=1)"vn}
Let M > 0. Observe

n

an:n+(—1)"\/ﬁ:g+(§+(—1)”\/ﬁ) :g+%\/ﬁ(\/ﬁ+(—1)”2)

This shows that a, > § for all n > 4. Choose ng > max {4,2M}, then for all n > ng

n_ ny 2M

> — > — — =M
=35 773
This completes the proof.

18. Which of the sequences in the previous exercise are monotone? Explain your answer.

b. {an} = {n+ L}

Observe that as = g >0=aj,and for all n > 2

(=" (=" GG
— = 14+ 2 ) =1 —
Ap+1 — Ap n+1+ 1 n+ - + 1 n
1 1 1 1 1 >0
n+1l n— 3 2 6

We conclude that a,+1 > a, for all n € N, so the sequence is monotone increasing.

c. {an} ={n+(-1)"v/n}
Observe a; = 0,a2 = 2+ 2 ~ 3.4142,a3 = 3 — /3 ~ 1.2679. Hence, the sequence is
definitely not monotone.
More important for practical purposes, is to observe that the sequence will never become
monotone, even for large values of n. To understand this phenomenon, we investigate
the differences ag, — a2,—1 and agp+1 — azn. Observe that for all n € N

agm — -1 =2n+V2n— (2n—-1—-v2n—-1)=v2n—-1+v2n+1>0
and

Gonit —azn =20+ 1— 20 11— <2n+\/2n> —1-vV2n—V2nF1<0

Hence, agn, > agp—1 while agpr1 < agn. In words: every even indexed term is greater
than its predecessor, while every odd indexed term is smaller than its predecessor.
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2.4 Subsequences and the Bolzano-Weierstrass Theorem

1.

b. Let p, = n(1+ (—1)"). Prove that 0 and oo are the only subsequential limits of the

sequence {py}.
Because
lim py = lim [% (1 + (—1)2’“)} — lim 4k = oo
k—o0 k—o0 k—o0
and
s = ok ()] oo

0 and oo are subsequential limits of the sequence {p,}. To show they are the only
subsequential limits of {p,}, we use the same technique as applied in class. Let {py, }
denote any subsequence of {p,}, then

e if the sequence {n4} has only finitely many odd elements, we conclude that
lim p,, = oo
k—o00
e if the sequence {ny} has only finitely many even elements, we conclude that
lim =0
k—oo Pry

e if the sequence {ny} has infinitely many odd elements and infinitely many even
elements, then the sequence {p,, } has a subsequence that converges to 0, and it has
a subsequence that diverges to oo, so the sequence {p,, } itself cannot converge.

Hence, 0 and oo are the only subsequential limits of {n (1 + (—1)")}.

. Construct a sequence {sy} for which the subsequential limits are {—o0, —2,1}.

For all k£ € N let

S3p—2 = —k
S3g—1 = —2
sz = 1

. Construct a sequence {s,} for which the set of subsequential limits of the sequence is

countable.
Take for instance the sequence {s,} given by

1717271727371727374717273747571727374757671727374757677717'"

Observe that oo, and every n € N is a subsequential limit of this sequence. The set
{00} UN is countable.
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3. Find all the subsequential limits of each of the following sequences.

a.

fsin2g)
Observe that o
{sin7} ~1,0,-1,0,1,0,—1,0, - --

So, —1,0, and 1 are subsequential limits of the sequence {sin"—;}. To be precise, if
Pn = sin 7, then

o limy oo pap—1 = —1

o limg .o pagp—2=0

o limy oo pagp—3=1
Moreover, they are the only subsequential limits of that sequence, because the range of
{pn} contains only these three numbers.

{pa} = {(~1)" + 2sin 22
Observe that,

(P} = {(—1)" + 2sin %} —1,1,-3,1,1,1,-3,1,1,1,-3,1,1,1, -3, 1, - - -

An argument similar to that applied in Part a, shows that —3 and 1, are the only
subsequential limits of {(—1)" + 2sin %*}.

7. Determine the limit points and the isolated points of each of the following sets.

10.

b.

E={(-1)"+1:neN}
The set E has two limit points, —1 and 1. Every point of E is an isolated point of FE.
E=(0,1)U{2}

The set I/ has one isolated point, 2. The set of limit points of E is the closed interval
[0, 1].

. Construct a subset of R with exactly two limit points.

Use the set E in Exercise 7b.

Find an infinite subset of R with no limit points.
N is an infinite subset of R with no limit points.

Construct a countable subset of R with countably many limit points.
For all m € N let

1
Em:{2m+ﬁzn€N}
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and let
S = UmGNEm
Then S is a countable subset of R with countably many limit points.

d. Find a countable subset of R with uncountably many limit points.

Q is a countable subset of R with uncountably many limit points.

11. Prove Theorem 2.4.12. Let {p,} be a sequence in R. If p is a limit point of {p, : n € N},
then there exits a subsequence {py, } of {p,} such that p,, — p as k — oc.

Apply the same argument as used in the proof of Corollary 2.4.11. Choose n; such that

|pn, — p| < 1. Having chosen nq,ng,...,nk_1, choose an integer ny > ng_1 so that
1

Such an integer ny exists since every neighborhood of p contains infinitely many points of
{pn : n € N}. By construction, the sequence {p,, }r-; converges to p.

12. Prove that every sequence in R has a monotone subsequence.

Let {p,} be a sequence in R.

e If {p,} is unbounded, then the range of {p,} is unbounded. Suppose the range of {p,}
is not bounded above. Choose nj such that p,, > 1. Having chosen ni,nao,...,ng_1,
choose an integer ni > ni_1 so that

pnk > pnk_l

By construction, the sequence {py,, } is monotone increasing. In case the range of {p,}
is not bounded below, a similar argument allows for the construction of a monotone
decreasing sequence {py, }.

o If {p,} is bounded, then the range of {p,} is bounded. We now distinguish two cases.

— Case 1: The range of {p,} is finite.
Then there exists a point p € {p, : n € N} and a sequence {ny}, with n; < mng < ---
such that
Pni =Png = =D

Clearly, the sequence {p} is a monotone subsequence of {p,}.

— Case 2: The range of {p,} is infinite. Then since {p, : n € N} is bounded and
infinite, it must have a limit point p. By Theorem 2.4.12, there exists a subsequence
{pn, } that converges to p.
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« If p,, = p for infinitely many k& € N, then the sequence {p} is a monotone

subsequence of {py}.
If p,, = p for only finitely many k € N, then delete from {p,, } those elements
that equal p, and, for convenience of notation, denote the resulting subsequence

of {pn} by {qx}. Hence,

klim g =pand gy #pforall ke N
—00

Since Ni (p) N {qx : k € N} is infinite, either the interval (p,p+ 1), or the in-
terval (p — 1,p) must contain infinitely many points of {qx : K € N}. Suppose
(p,p+ 1)N{qx : k € N} isinfinite. Choose kj such that p < qx, < p+1. Having
chosen ki,ks, ..., kmn_1, choose an integer k,, > k,;,_1 so that

p < ka < qkmfl

By construction {gy,, } is a monotone decreasing subsequence of {p,}. In case
(p — 1,p)N{qx : k € N} is infinite, a similar argument allows for the construction
of a monotone increasing subsequence of {py,}.

2.5 Limit Superior and Inferior of a Sequence

2.6 Cauchy Sequences

3. For n € N, let

PR 1
tot Tt o

Prove that {s,} is a Cauchy sequence.

Let € > 0. We use a technique similar to that used in Example 2.3.5, and estimate |s,, 11 — Sn
by a partial sum of a geometric series.

k 1 k k
m=1 m=1 m=
k
1— (L
_ 1 (2) < L <1
o  1-4 T2l T

This completes the proof.
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4. Consider the sequence {s,} defined for n =1,2,3,--- by

1 1
Sn:1_|__++_
2 n
a. Show that {s,} is not a Cauchy sequence.
We proved in class that the sequence {s,} diverges to infinity. (Exercise 13, Section
2.3) Hence, {s,} is not a Cauchy sequence.
b. Even though {s,} is not a Cauchy sequence, show that lim,_,cc [Sp+r — Sn| = 0 for all
ke N.
Let € > 0 and k € N. Choose ng > é, then for all n > nyg

k

|5n+k - 5n| =

This shows that limy, o |Sptk — sp| = 0 for all k£ € N.
9. Let ¢1 € (0,1) be arbitrary, and for n € N set ¢cpq1 = 1 (¢ +2).

a. Show that the sequence {cy} is contractive.
Observe that if ¢, € (0,1), then

2 3
0<3<Cn+1<g<1

Therefore, since ¢ € (0,1), we may conclude that ¢, € (0,1) for all n € N. Hence,

1 1 1
e — el = 5(6721+2)_g(0721—1+2) Ig{Ci—Ci_l{

1 2
= g |Cn + Cn—l’ |Cn - Cn—1| < g |Cn - Cn—1|

so the sequence {c,} is contractive with b = 2.

b. Let ¢ = lim,, o0 ¢. Show that ¢ is a solution to z2 — 5z +2 = 0.

Take the limit as n — oo of both sides of the recurrence relation c,+; = % (ci + 2).

(2 +2)

ov] =

1
c= lim ¢4 = lim - (cgZ +2) =
n—o0 n—oo H

soc2—5c+2=0.
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c. Let ¢ = % Using the result of Theorem 2.6.7(b), determine the value of n such that
lc —en| < 1073,
The iteration results with the error bounds are listed in the table below.
i Cn 1L_b|cn_cn—1| i
0.5000000000
0.4500000000 0.033333333334
0.4405000000 0.006333333334
0.4388080500 0.001127966667
0.4385105009 0.000198366034

Clearly, n = 5 will do the job. The value c¢5 = 0.4385105009 is guaranteed to be less
than 10~3 away from a solution of the equation z? — 5z + 2 = 0.

U W N = 3




