Chapter 3

Integral Calculus of Functions of One
Variable

3.1 Definition of the Integral

1. Show that there cannot be more than one number L that satisfies Definition 3.1.1.

Let f be defined on [a,b]. We say that f is Riemann integrable on |a,b] if there is a number
L with the following property: For every € > 0, there is a 6 > 0 such that

lo—L| < e

if o is any Riemann sum of f over a partition P of [a,b] such that |P| < 6.
Solution

Let € > 0. Suppose the numbers L1 and Lo both satisfy this definition. Then there exists a
61 > 0 such that
€

|U—L1‘<2

if o is any Riemann sum of f over a partition P of [a, b] such that || P|| < 6;. Similarly there

exists a 09 > 0 such that
€

|O’—L2|< 5

if o is any Riemann sum of f over a partition P of [a,b] such that ||P| < 63. Let § =
min {61, §2}, then if o is any Riemann sum of f over a partition P of [a, b] such that ||P| < 6
€

2

€
|Lo — Li| = |0 — L1 — (6 — La)| < |o — L1] + |0 — La| < 5—1— =€
Since this inequality holds for all € > 0, L; must equal Ls.
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2. a. Prove: If f: f () dx exists, then for every e > 0, there is a 6 > 0 such that |01 — o3| < €
if 01 and o9 are Riemann sums of f over partitions P, and P» of [a,b] with norms less
than 6.
Solution
Let L = fab f(x)dr and € > 0. Then there exists a 6 > 0 such that

€

- L
o—1]< 5

if o is any Riemann sum of f over a partition P of [a, b] such that ||P|| < §. This means
that if o1 and o9 are Riemann sums of f over partitions P, and P, of [a,b] with norms

less than & . c
oy — L| < 3 and |0y — L <3

hence e e
|O’1—O’2|:|O'1—L—(O'2—L)|§|O'1—L|+|O'2—L|<§+§:€

b. Suppose that there is an M > 0 such that, for every 6 > 0, there are Riemann sums o1
and o over a partition P of [a, b] with ||P|| < é such that |01 — o3| > M. Use Part (a)
to prove that f is not integrable over [a, b].
Solution

Suppose that f is integrable over [a,b]. Take e < M and let § be determined as in Part
(a). Then with Py = P, =P and |P| < ¢

log — o2l <e< M

for any two Riemann sums o1 and o9 of f over P, a contradiction.

4. Prove directly from Definition 3.1.1 that

b b3 _ .3
/ 22dr = a
o 3

Do not assume in advance that the integral exists. The proof of this is part of the problem.
HINT: Let P = {xo,21,. xn} be an arbitrary partition of [a,b]. Use the mean value theorem
to show that

b — a3 "~

5 = > di (w5 —x51)

Jj=1

for some points di,...,d,, where xj_1 < dj < xj. Then relate this sum to arbitrary Riemann
sums for f(x) = z% over P.
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Let € > 0. Apply the mean value theorem to the function g (z) = 23 on the interval (21, xj].

That is: there exists a point d; with x;_1 < d; < x; such that

g(x;) —g(rj—1) (

RS ;)
which implies
3 3
T5 — X3 1
J Jj—1 2 3 3 2
——3d so = (a7 — =d5(x; —xi_
Tj—Tj_1 3( J ]—1) j( J J 1)

Summing both sides of the last equation yields

b — a? "1 3 3 " 9
T = Zg (2 —af 1) =D dj (xj —xj1)

o = Zf c5) —Tj1) = Zc?(x] Tj-1)
j=1
= Zd] (2 $J—1)+Z(d§_ ?) (zj — xj-1)
j=1 j=1

i
3 =
Hence
_b3_<13 _ - B2 — @) (s — 1 <n &2 — 2
o 3 = (df = &) (w5 — 2j-1)| < D |df = | (w5 — wj1)
j=1 j=1
= Z|dy_cy|‘d + ¢l (5 — zj-1) Zd—c]| |dj| + ;) (x5 — 1)
=1 =1
< 2P| max{[a], !b!}z —zj-1) = 2[|P||max {|al , [b[} (b — a)
7=1
Now choose 0 < § < m,then
v —a?
o-—3 <e€
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whenever [|P|| < é. This completes the proof.

. Let f be bounded on [a,b] and let P be a partition of [a,b]. Prove: The lower sum s (P) of

f over P is the infimum of the set of all Riemann sums of f over P.

Solution
If P={xp,x1,...,zy,} is a partition of [a, b], then
s(P) =" mj(x; —xj-1)
j=1
where

mj = inf  f(x)

rj_1<z<zx;

An arbitrary Riemann sum of f over P is of the form

n

o= fle) (x5 —wj1)
j=1

where 2;_1 < ¢; < z;. Since m; < f(c;), it follows that s (P) < o. Hence s (P) is a lower
bound for the set of all Riemann sums of f over P. To show that it is the greatest lower
bound of this set, we let € > 0 and prove that there exists a Riemann sum & of f over P such
that 7 < s (P) +e. Because m; = inf,, | <y<s, f (¥), the number m; + m is not a
lower bound of f on [z;_1,2;]. Hence, there exists a ¢j € [xj_1,x;| with the property that

€

Fgg) <mj+ ————— @ —251)

The Riemann sum & produced this way is

n

7 = I ) <3 (ot

= ﬁ) (zj — 1)

€
—_ = P
- s(P)+e

n
= ij (xj —xj_1)+
j=1 1

n

J

This completes the proof.

14. Suppose that —oco < a < d < b < 0o and

g, a<x<d
g(x)—{gz d<z<b
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where g1 and gy are constants, and let g (a), g (b), and g (d) be arbitrary. Suppose that f is
defined on [a, b], continuous from the right at a and form the left at b, and continuous at d.

Show that ff f (x)dg (z) exists and find its value.
Solution

Let € > 0 and let P = {xg,x1,...,2,} denote a partition of [a,b]. In order to be able to
separate the influence of the jump discontinuities of the function g on a Riemann-Stieltjes
sum of f with respect to g over P, we let §; = $min{d —a,b—d} and ||P|| < §;. Then
there exists an ¢ with

2<i1<n—2

such that d € [z;,x;11). Hence an arbitrary Riemann-Stieltjes sum of f with respect to g
over P takes the form

o = Zf(cy')[g(wj)—g(wj—l)]:

(c1) [g (=1) — g (z0)] + f (i) [9 (i) — g (xi-1)]

S
f (Cl-‘rl) [ (xz-f—l) (xz)] + f (Cn) [g (.I (xn 1)]
( () —

_|_M

n) =
= fle)lgr—g(@]+ f(a)lg g1l + f (civ1) lg2 — g (a)] + f (cn) [9 (b) — g2]
= f@)g—gla)]+ ()[9(%) g1l + f(d) g2 — g (z:)] + [ (b) [9 (b) — g2]
+(f (e ) f(a)lgr =g (@)l + (f (&) = f(d)) [g (i) — g1]
+(f (cita) = f(d)) [gz—g(ﬂsz)] (f (en) = £(0)) [g (b) — g2]

where ¢; € [zj_1,2;] for 1 < j <n. Observe that if d = z;, then

fd)g(@)—aqal+f(d)]g2—g@)] = f(d)]g(d)—agl]+ f(d)[g2—g(d)]
= f(d)[g2 — g1]

and if d # z;, then again

f(d)]g(@i) =]+ f(d) g2 —g ()] = [f(d)]gr— g+ f(d)]g2— ]
= f(d)[g2 — a1l

Hence

o = f(a)lg—g(@)]+f(d)]g2—gl+f(b)]g(b) - go]
+(f(e1) = f(@) g1 = g (@] + (f (ci) = f(d)) [g (i) = 1]
+(f (cir) = f(d) [92 — g (@i)] + (f (cn) — £ (0)) [ (b) — g2]
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and because either g (x;) = g1, or g (z;) = g (d)

lo —{f(a)[g1 — g (a)] + f(d) [92 — g1] + f (V) [g (b) — g2l }|
< |f(e) = f(a)llgr — g (@) + |f (ci) — f(d)|]g (z:) — g1

+1f (civ1) = f(d)] g2 — g (z)| + [ (cn) — £ ()] |g (b) — g2
<

[f (1) = f (@)l (g1l + lg (@)]) + [f (ci) = [ ()| (|g (d)] + |g2])
+1f (civr) = F (D] (g2l + [g1] + g (D) + [f (en) = f ()] (Ig (b)] + [g21)

Just like we did in class, we use the continuity of f to estimate the expression on the right.
Since ¢; > a and ¢, < b and f is continuous from the right at a and from the left at b, and
continuous at d, there exists a 63 > 0 such that if

|Cl - a| ; |C’L' - d| ; |C’L'+l - d| ) and |Cn - b|
are all less than 65, then

| (e1) = f (@)l (g1l + lg (@)]) , |f (ci) = f ()] (Ig ()] + |gal) ,

|f (civ1) = F (D] (lg2] + |g1] + g (D)) , and [ (cn) = f (0)| (Ig (b)] + [g2])
are all less than . Let 6 = min {61, %62}, then

lo—{f(a)[g1 —g(a)l + f(d) g2 — 1] + f (0) [g (b) — g2l }| < €

whenever ||P|| < 6. This shows that the Riemann-Stieltjes integral f; f(x)dg (x) exists and
equals

b
/ f(x)dg (x) = f(a)[gr — g (a)] + [ (d) [92 — o] + £ (0) [g (0) — g2]

Existence of the Integral

. Complete the proof of Lemma 3.2.1 by verifying Eqn. (3). That is:

Suppose that
[f(@)| <M, a<z<b,

and let P’ be a partition of [a, b] obtained by adding r points to a partition P = {xg, x1,...,2n}
of [a,b]. Then show that

s(P) <s(P') <s(P)+2Mr|P|

Solution
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The proof of this result is almost identical to the proof of the first part of Lemma 3.2.1, which
was covered in class. First we suppose that r = 1, so P’ is obtained from P by adding one
partition point c¢. Let x;_1 < ¢ < x;, and

= miquélﬂfﬁémi S @), ma = wiflllgmﬁcf (z), and mq = CSlﬂlgmi /(@)

then

s(P') =s(P) = mi(c—mi1)+ma(x;—c) —mi (i — xi1)

(mij1 —my) (¢ — x5—-1) + (M2 — my) (z; — ¢)

Since m;j; > m; and m;z > m;, this implies that s (P') — s (P) > 0. Hence

0 s (P') = s(P) = (ma —m;) (¢ — i—1) + (mig — my) (z; — ¢)

2M (¢ — xi—1) + 2M (i — ¢) = 2M (v — wi—1) < 2M || P||

IA A

This establishes the desired result for » = 1. Now suppose that » > 1. Let P(®©) = P and let
PU) be obtained by adding the point cj to PU-D_ Finally, let P’ = P("), then

0<s (P(j)> p (PU*”) < oM HP(H)H C1<j<r

Therefore

T T
0232 [s(p9) - (r50)] 2003 o] <2
j=1 J=1
We conclude that
0<s(P)—s(P)<2Mr|P|
which completes the proof.

2. Show that if f is integrable on [a,b], then

/Lbf(:p)d:p:/abf(x)d:p

This is the second part of Theorem 3.2.3. Its proof is very similar to the proof of the first
part of the theorem, which was presented in class. We compare the lower integral to a lower
sum, then we compare the lower sum to a Riemann sum, and finally we compare the Riemann

Solution
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sum to the Riemann integral. Let e > 0. Suppose that P = {xg,x1,...,2,} is a partition
of [a,b] and that ¢ is a Riemann sum of f over P. Then

x)dx—/abf(x)dx

x)dx — s(P)

o b
+ 0—/ f(z)dx

Since the lower integral ff f (z) dz is the supremum of the lower sums, there exists a partition

P, such that
b € b
/a (o) dr — £ < 5(Py) g/if(x)dx

+|s(P) — ol

Also, because f is integrable on[a, b], there exists a 6 > 0 such that

a—/abf(:v)d:v

whenever || P|| < 6. Suppose that ||P|| < é and P is a refinement of Py. Then

/f dx—§<s(Pg ) <s(P /f

<<
3

<<
3

SO

[ s@as—sp)

x)dm—/abf(x)dm

and this inequality holds for every Riemann sum o of f over P. Finally, since s (P) is the
infimum of these Riemann sums, we may choose ¢ in such a way that

Hence

2€
< 3 + [s(P) — o]

€
P) — =
s(P)~ ol <

/Lbf(x)dx—/abf(x)dx

Since this is true for all € > 0, the desired result follows.

and we obtain

<€
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4.

3.3

Prove: If f is integrable on [a,b] and € > 0, then S (P)—s(P) < ¢ if || P| is sufficiently small.
HINT: Use Theorem 3.1.4.

Solution
Actually, the hint given here is a misprint. Instead you should use Lemma 3.2.4.

If f is bounded on [a,b] and € > 0, there is a 6 > 0 such that

b b
/f(x)d$§5(P)</f(x)d:r+e
and

if 1P|l <é.
Let € > 0. Since f is integrable on [a,b], f is bounded on [a, b], and

/Lbf(:v)d:v:ff(x)dx:/abf(w)dx

We now apply Lemma 3.2.4 with € replaced by §. Then we know that there is a 6 > 0 such
that for all partitions P of [a,b] with ||P|| < 6

— ) , )

- /:f<w>dx+§—(/abf<x>dw—§)=e

This completes the proof.

Properties of the Integral

. Prove Theorem 3.3.2

If f is integrable on [a,b] and c is a constant, then cf is integrable on [a, b] and

/abcf(:z:)da::c/abf(x)dx

Solution
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Let ¢ > 0. Any Riemann sum of c¢f over a partition P = {x,21,...,2,} of [a,b] can be

written as
n

oep = cf (cj) (wj—wjm1) = ey f(ej) (wj —wjm1) = coy
=1

=1

If ¢ # 0, then because f is integrable on [a,b], there exists a 6 > 0 such that whenever
1Pl <6

crf—/abf(x)dx

€
< J—

]
SO

= |e|

Ucf—c/bf(:v)dw caf—c/bf(:v)d:c Uf—/bf(w)dw

€
<\0]H:6

This proves the desired result when ¢ # 0. If ¢ = 0, then both o.; and ¢ fab f () dz equal
Z€ro, SO again

=0<e

b
acf—c/ f(z)dx




